Vertex Covering and Strong Covering of Flower Like Network Structures  by Angel, D. & Amutha, A.
 Procedia Computer Science  87 ( 2016 )  164 – 171 
1877-0509 © 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the Organizing Committee of ICRTCSE 2016
doi: 10.1016/j.procs.2016.05.143 
ScienceDirect
Available online at www.sciencedirect.com
*
Corresponding author. 
E-mail address:angel.skye11@gmail.com 
Vertex Covering And Strong Covering Of Flower Like Network 
Structures 
Angel. D1*, Amutha. A2 
1 Research Scholar, Department of Mathematics, Sathyabama University, Chennai-600119, India.                    
2Associate Professor, Department of Mathematics, Sathyabama University, Chennai-600119, India. 
 
Abstract 
Covering problems were first considered in the context of practical motivations to model and locate emergency service 
facilities.  The covering number is an essential tool in the safety of networks, as it gives the minimum number of detection 
devices required to identify the location of an intruder or a faulty node. In this paper, we provide a graph theory based 
approach which could be beneficial to keep the network secure. The covering number for complete flower graphs are 
calculated exactly and their theoretical properties are explored. Our results on flower graphs can be applied to flower like 
patterns which represent useful frameworks such as anthropology to study the cultural evolution. 
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1. Introduction and Problem Description 
A graph G is an ordered pair ܩ ൌ ሺܸǡܧሻ where ܸ ൌ ܸሺܩሻ is a set, whose elements are called vertices or 
nodes and ܧ ൌ ܧሺܩሻ is a set whose elements are 2-element subsets of V called edges. All the graphs considered 
here are finite, connected and undirected with no loops and multiple edges. We use the terms graphs and 
networks interchangeably.  
Two vertices u and v are said to be adjacent, if they have an edge in common. A path in G is a sequence of 
vertices v1, v2, v3,…,vn such that v1v2, v3v4,…, vn-1vn are edges of G and are distinct. A closed path v1, v2, 
v3,…,vn, v1 in G is called a cycle. An even (odd) cycle is a cycle of even (odd) length. A graph G is connected if 
every pair of vertices of G has a path from one vertex to another.  
Introduced by Toregaset. al. (1971), the covering problems has also been widely used in the location of 
emergency vehicles of telecommunication equipment. We formally state this problem as follows. 
The minimum vertex cover consists in determining the minimum cardinality of a subset S of vertices such 
that every edge in G is incident to at least one vertex in S.  The cardinality of the minimum vertex cover set is 
called the covering number of G, denoted by ߚሺܩሻ. For example, the graph in fig.1 hasߚሺܩሻ ൌ ͶǤ 
The vertex covering number of a graph can be applied to measure the safety of the network. For instance, in 
a computer network, some servers play an essential role than others. Finding minimum vertex cover sets for 
that network whose vertices are routing servers gives the optimal solution for designing the network defense 
strategy. The elements of a cover set can be used for various purposes, since every communication link will be 
under the coverage of one or more nodes. Backbone formation, data   aggregation   management,   cluster   
formation  and management,  hub  or   router   location designation  and  traffic  control  on  the  information 
flow  are  some  of  these.   
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Fig. 1; Minimum vertex cover set = ሼͳǡ ͵ǡ Ͷǡ ͸ሽ 
The  problem  of finding  the  minimum  vertex  cover  set  in  a  system  containing  various  
interconnections  is  an  NP-complete  problem.  Hochbaum [7] conjectured that for general graphs, no 
polynomial time algorithm exists. There is a considerable amount of work on algorithms to improve the upper 
bound on the approximability for the vertex cover problem and on the structural aspects of this problem [5, 8]. 
A detailed survey of the vertex cover problem can be found in [8]. Variants of the vertex cover problem include 
the capacitated vertex cover, connected vertex cover and weighted vertex cover.  
Even though there are numerous results and discussions on the vertex over problem, most of them deal with 
only approximate results [6, 9]. Most recent research has been devoted in finding the exact solution of this 
problem for interconnection networks like butterfly, hypercube and Benes networks [1, 2]. But the vertex cover 
problem is not yet considered especially for flower like graphs networks.  
Another interesting fact is the classification of flower graphs as invertible or non-invertible graphs. The 
invertible graphs play a vital role in coding theory, computer science, operations research, switching circuits, 
electrical networks, etc. [3].  
Motivated by these facts we worked on complete flower graphs. As a result we calculated the exact values 
of vertex cover, edge cover and strong cover complete flower graphs. We were also able to find a 
characterization for the flower graphs in terms of invertibility.  
2. Invertible Graphs  
In the strategy of network security, the main focus is on defending the routes (edges) of the graph by placing 
the minimum number of guards in the network. However, in several practical applications, apart from 
defending the network, one has to consider the problem of replacing a guard by another. To address this 
problem we studied the concept of invertible graphs. 
 
2.1 Definition: 
Let D be a minimum vertex covering set of G.   A set ܵ ك ܦ which is also a vertex covering of G is called 
an inverse covering of G. The inverse vertex covering number ߚିଵሺܩሻ is the order of smallest inverse covering 
of G.  ߚିଵሺܩሻ doesnot exist for every graph. For example, the cycle graph on odd number of vertices has no 
inverse vertex cover. A graph G is said to be invertible if G admits an inverse vertex covering [3]. We require 
the following definitions and theorems to prove our results on invertible networks and flower like networks. 
 
2.2 Definition: 
A set of vertices is independent (stable) if no two of its vertices are adjacent. If S is a vertex cover of G, then 
the complement set V-S is called the independent set of G. The independence number (stability number) ߙሺܩሻ 
of a graph G is the maximum cardinality of the set V-S in G. 
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2.3 Definition: 
A matching in a graph is a set of pair wise non adjacent edges and a maximum matching is a matching that 
contains the largest possible number of edges denoted by ߤሺܩሻ. A perfect matching is a maximum matching 
which matches all vertices of the graph. It is also called a 1- factor. A matching is perfect if and only if it has 
௡
ଶ edges where n is the number of vertices of G. If for every vertex, there is a near perfect matching that omits 
only one vertex, then that graph is called factor critical.  
3. Flower Like Networks 
We begin this section with the definition of a complete flower graph. 
 
Definition 3.1: 
The tensor product of two graphs is used to define a complete flower graph. Let 1G  and 2G  be two graphs 
where 2G has a distinguished edge labelled d. The tensor product 21 GG   of two graphs 1G  and 2G  is 
defined to be the graph obtained by taking a 2-sum of 1G  with 2G  at each edge of 1G  and the distinguished 
edge d of 2G . A 2-sum between two graphs identifies an edge in one with an edge in the other, and then 
deletes the identified edge.  
A graph G is called an (m × n)-complete flower graph if it is the tensor product nm CC   for 2tm   and 
2tn  and it is denoted by ௠݂ൈ௡ . In other words,  G is called a ሺ݉ ൈ ݊ሻ-complete flower graph if it has m 
vertices which form an m-cycle and m sets of n−2 vertices which form n-cycles around the m cycle so that 
each n-cycle uniquely intersects with the m-cycle on a single edge. This graph is be denoted by ௠݂ൈ௡  [10]. 
Clearly ௠݂ൈ௡has   m(n − 1) vertices and mn edges. The n-cycles are called the petals and the m-cycle is called 
the center of ௠݂ൈ௡ . The m vertices which form the centre, are all of degree 4 and all the other vertices have 
degree two [4, 10, 12]. The figure below is an example of a complete flower graph. 
4. Main Results 
Lemma 4.1: 
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Then (i) G has a 1-factor, if m is even and (ii) G is 
factor critical, if m is odd and n is even. 
Proof: 
 Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. 
(i) If m is even, we prove that G has a 1-factor whether n is even or odd. First we consider the case when n is  
also even. Let M be a maximum matching of G. Suppose that M is not perfect. Then there exists a vertex in 
G which is not covered by M. Since both m and n are even cycles we can always find a maximum matching 
which covers all the vertices of G, which is a contradiction to the fact that M is not perfect. Therefore G has 
a 1-factor. 
Now we consider the case when n is odd. Since m is even G contains even number of odd cycles and any 
maximum matching will cover all the vertices of G. Hence G has a 1-factor.  
(ii) If m is odd and n is even we prove that G is factor critical. Since n is even, there is always a perfect 
matching M, in every even cycle. But because m is odd there is a vertex in the m-cycle which is not covered 
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by M. Removal of that vertex from G will give a perfect matching. Hence G is factor critical. 
 
 
Figure 2; ହ݂ൈହ-complete flower graph 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3; Behaviour of flower graphs ௠݂ൈ௡  
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Lemma 4.2: 
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. If G is factor critical, then for any 
ݒ א ܸሺܩሻ,   (i) β′(G) = β′(G-v) + 1and (ii) β(G) = β(G-v) + 1. 
Proof: 
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Given that G is factor critical, first we prove that         
ߚᇱሺܩሻ ൌ ߚᇱሺܩ െ ݒሻ ൅ ͳǤSince G is factor critical, removal of any vertex ݒ א ܸሺܩሻ from G gives a perfect 
matching M. that is, G-v has a 1-factor and a 1-factor is also a minimum edge cover, we have         
ߤሺܩ െ ݒሻ ൌ ߚᇱሺܩ െ ݒሻ. By the definition of a minimum edge cover, we have ߚᇱሺܩሻ ൌ ߚᇱሺܩ െ ݒሻ ൅ ͳǤ We 
now prove that β(G) = β(G-v) + 1. Since G is factor critical for odd values of m and even values of n, clearly 
removal of a vertex from G decreases the value of β(G) by one. That is, ߚሺܩ െ ݒሻ ൌ ߚሺܩሻ ൅ ͳ. This implies         
ߚሺܩሻ ൌ ߚሺܩ െ ݒሻ ൅ ͳǤ Hence the proof. 
 
4.1 Definition 
A set C of edges of a graph G, such that each vertex of G is incident with at least one edge in C is called an 
edge cover. The minimum edge cover is an edge cover of smallest size and the cardinality of the minimum 
edge cover set is called the edge covering number denoted by ߚᇱሺܩሻ. Finding the minimum edge cover is 
called the edge covering problem. Covering vertices by edges was first considered by Norman and Rabin 
[13]. Edge covers can be applied in network analysis. Vertex cover is closely related to perfect matching and 
perfect matching is always an edge cover. Thereby, we were fascinated to find the kind of graphs for which, 
the edge covering and vertex covering numbers are equal.  
 
Theorem 4.3:   
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Then ߚሺܩሻ ൌ ߚᇱሺܩሻ for all m, n.  
Proof:  
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. We prove that ߚሺܩሻ ൌ ߚᇱሺܩሻ for all m, n. 
Case(i) : If m is even and n is odd, then G has a 1-factor using lemma 4.1. 
Therefore by the property of perfect matching, ߤሺܩሻ ൌ ߚᇱሺܩሻ ൌ ȁ௏ȁଶ ൌ ߚሺܩሻǤ 
Case (ii) : If both m and n are even, using lemma 4.1 G has a 1-factor,          
So the proof follows as in case (i). 
Case (iii) : If m is odd and n is even, then G is factor critical. 
This implies that ܩ െ ݒ has a 1-factor and that 1-factor forms a minimum edge cover of ܩ െ ݒ.         
Since G is factor critical, by lemma 4.2 and using the property of maximum matching, we have,         
ߚᇱሺܩሻ ൌ ߚᇱሺܩ െ ݒሻ ൅ ͳ ൌ ߚሺܩሻǤ Hence the result. 
 
Theorem 4.4: 
Let G = (V, E)  be any graph.  Then ߚሺܩሻ ൌ ߚᇱሺܩሻif and only if ߤሺܩሻ ൌ ߙሺܩሻǤ 
Proof:  
Let ܩ ൌ ሺܸǡ ܧሻ  be any graph. Assume that ߚሺܩሻ ൌ ߚᇱሺܩሻ. We show that ߤሺܩሻ ൌ ߙሺܩሻǤ 
By Gallai’s theorem, ߙሺܩሻ ൅ ߚሺܩሻ ൌ ݊ and ߤሺܩሻ ൅ ߚᇱሺܩሻ ൌ ݊.                                                                            
By our assumption we have,ߙሺܩሻ ൅ ߚᇱሺܩሻ ൌ . This implies ߙሺܩሻ ൅ ሺ݊ െ ߤሺܩሻሻ ൌ ݊Ǥ                                 
Thus ߤሺܩሻ ൌ ߙሺܩሻǤ 
Converse part: Assume that ߤሺܩሻ ൌ ߙሺܩሻǤ  
We prove that ߚሺܩሻ ൌ ߚᇱሺܩሻ.   
By Gallai’s theorem, ߤሺܩሻ ൌ  െ ߚᇱሺܩሻ. Since ߚሺܩሻ ൌ ߚᇱሺܩሻ,  ߤሺܩሻ ൌ  െ ߚሺܩሻ ൌ ߙሺܩሻ. 
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Theorem 4.5: 
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Thenߚሺܩሻ ൌ ߙሺܩሻ ൌ ȁ௏ȁଶ  if and only if G has a         
1-factor. 
Proof:  
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Assume that ߚሺܩሻ ൌ ߙሺܩሻ ൌ ȁ௏ȁଶ Ǥ To prove: G has a         
1-factor. Suppose that G does not contain a 1-factor, then G contains a maximum matching which is not 
perfect. But, using theorem 4.3, ߚሺܩሻ ൌ ߚᇱሺܩሻand therefore, using theorem 4.4, ߤሺܩሻ ൌ ߙሺܩሻ. From our 
assumption, we have ߚሺܩሻ ൌ ߙሺܩሻ ൌ ȁ௏ȁଶ ൌ ߤሺܩሻ. By the property of perfect matching, G contains a 
maximum matching which is perfect, which is a contradiction. So G must have a 1-factor. Conversely, 
assume that G has a 1-factor. To prove: ߚሺܩሻ ൌ ߙሺܩሻ. Since G has a 1-factor and the number of edges in a 
1-factor is always 
ȁ௏ȁ
ଶ   edges, we have ߚᇱሺܩሻ ൌ
ȁ௏ȁ
ଶ  and using theorem 4.3,ߚሺܩሻ ൌ
ȁ௏ȁ
ଶ . For any graph with no 
isolated vertices, by Gallai theorem we know that, ߙሺܩሻ ൅ ߚሺܩሻ ൌ ȁܸȁ. This implies ߙሺܩሻ ൌ ߚሺܩሻ ൌ ȁ௏ȁଶ . 
Hence the proof. 
 
Theorem 4.6: 
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Then ߚሺܩሻ ൌ ڿ௏ۀଶ  if and only if G is factor critical.  
 
Proof:  Let ܩ ൌ ሺܸǡܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Assume that G is factor critical.                                   
To prove: ߚሺܩሻ ൌ ڿ௏ۀଶ . By our assumption ܩ െ ݒ has a 1-factor.                                                                         
Therefore, from theorem 4.5, ሺܩ െ ݒሻ ൌ ȁ௏ȁଶ  .                                                                                                               
Using lemma 4.2, this implies ߚሺܩሻ ൌ ߚሺܩ െ ݒሻ ൅ ͳ ൌ ȁ௏ȁଶ ൅ ͳ ൌ
ڿ௏ۀ
ଶ .                                                                         
To prove the converse part we assume that ߚሺܩሻ ൌ ڿ௏ۀଶ ǤIf G is not factor critical then G has a perfect 
matching using lemma 4.1. From theorem 4.5,  ߚሺܩሻ ൌ ȁ௏ȁଶ   which is a contradiction to our assumption. 
Therefore G must be factor critical. 
 
Theorem 4.7: 
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Then G is invertible if and only if G does not contain 
any odd cycles. 
Proof:  
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Assume that G is invertible. We prove that G does not 
contain any odd cycles. Suppose that G contains odd cycles. Then either m or n or both are odd.  
Case (i): If m is odd and n is even.  
Let D be a minimum vertex cover for G. Then clearly ܸ െ ܦ is not a vertex cover, as, ܸ െ ܦ does not cover 
all the edges on the m-cycle. So there is no inverse vertex cover for G. This implies G is not invertible which 
a contradiction is. So we conclude that G cannot contain any odd cycles.  
Case (ii): If both m and n are odd. The same argument follows as in case (i). 
Case (iii): If n is odd and m is even.  Let D be a minimum vertex cover for G. Then clearly ܸ െ ܦ is not a 
vertex cover, since ܸ െܦ will not cover all the edges on the n-cycle. That is, there is no inverse vertex cover 
for G. This implies G is not invertible which a contradiction is. So G cannot contain any odd cycles. 
Conversely, assume that G does not contain any odd cycles. We prove that G is invertible. If D is a minimum 
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vertex cover then ܸ െ ܦ is also a minimum inverse vertex cover with respect to D, since both m and n are 
even. This implies that G is invertible. Hence the proof. 
 
4.2 Definition 
A graph is said to be bipartite, if and only if it contains no odd cycles. The bipartite graphs are of particular 
interest as they are extremely useful in clustering and in analyzing social networks. The following theorem 
characterizes flower graphs as bipartite graphs based on covering numbers. 
 
Theorem 4.8: 
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Then ߚሺܩሻ ൅ ߚିଵሺܩሻ ൌ ሃሃif and only if G is 
bipartite.  
Proof:  
Let ܩ ൌ ሺܸǡ ܧሻ be a (m×n)-complete flower graph. We assume that G is bipartite and let D be minimum 
vertex cover for G. By theorem 4.6, β-1(G) exists as G does not contain any odd cycles and        
since ߚିଵሺܩሻ ൌ ሃሃ െ ߚሺܩሻǡ we have ߚሺܩሻ ൅ ߚିଵሺܩሻ ൌ ሃሃ. 
Conversely assumingߚሺܩሻ ൅ ߚିଵሺܩሻ ൌ ሃሃ, we know that G is invertible. This implies from theorem 4.7 
that, G cannot contain any odd cycles and hence G is bipartite.  
 
Corollary 4.9: 
Let ܩ ൌ ሺܸǡ ܧሻ be a ሺ݉ ൈ ݊ሻ-complete flower graph. Then ߚሺܩሻ ൅ ߚିଵሺܩሻ ൌ ȁ௏ȁଶ  if and only if G is bipartite.  
5. Strong Vertex Covering  
This concept was introduced by S.S. Kamath et. al. in 2006 [11]. The motivation for strong vertex cover is 
that, in a road network, it is essential that every road must be guarded at a heavily crowded junction by 
minimum number of policemen. In such situations, we look for a strong covering than just a covering. 
  
A vertex v in a graph ܩ ൌ ሺܸǡܧሻ is said to be strong if deg(v) စdeg(u) for every u adjacent to v in G. A set 
ܵ ك ܸ is said to be strong if every vertex in S is a strong vertex in G. For an edge x = uv, v strongly covers 
the edge x if deg(v) စdeg(u) in G. A set ܵ ك ܸ is a strong vertex cover [SVC]  if every edge in G is strongly 
covered by some vertex in S. The strong vertex covering number is the minimum cardinality of an SVC 
denoted by sβ(G).    
 
Proposition 5.1: 
Let ܩ ൌ ሺܸǡܧሻ  be a ሺ݉ ൈ ݊ሻ-complete flower graph.   Then ߚሺܩሻ ൏ ݏߚሺܩሻ ൌ ͵݉ if and only if G is factor 
critical. 
 
Proposition 5.2: 
Let ܩ ൌ ሺܸǡܧሻ  be a ሺ݉ ൈ ݊ሻ-complete flower graph with ɖሺ
ሻ ൌ ͵ǤThen ߚሺܩሻ ൌ ݏߚሺܩሻ if and only if G 
has a one factor. 
 
The above results are useful in the sense that they give a relation between strong cover and vertex cover in 
complete flower graphs.. 
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6. Conclusion 
The flowers like networks are special graphs as they have a symmetric structure. The results obtained on 
complete flower graphs can be applied to flower like patterns such as nanostructures in ecology and in 
anthropology to study the cultural evolution. Construction and analysis of covering sets and invertible graphs 
helps us to extend the security of the network as these sets is useful in monitoring the edges of a network. 
The exact values of the vertex, edge and inverse covering numbers of the complete flower graphs are 
calculated in this paper. We have characterized these networks and proved that they are invertible if they do 
not contain odd cycles. It would also be interesting to extend this work in other important networks like 
pancake networks and star networks. 
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